Abstract. In the present paper, the Michael selection problem is researched in hyperconvex metric spaces. Our results show that the answer is "yes" for hyperconvex metric spaces and that the lower semicontinuity of the multi-valued mapping can be weakened. Moreover, as an application of our selection theorem, a fixed point theorem for locally-uniform weak lower semicontinuous multi-valued mappings is given.
Introduction and preliminaries
In 1956, Michael [7] first researched the continuous selection problem and obtained the following now well known theorem: We would like to point that in 1989 and 2000 Sine [10] and Khamsi et al. [6] researched the non-expansive selection problem for non-expansive multivalued mappings in hyperconvex metric spaces, respectively. Motivated by their idea, in the present paper our main purpose is to research the above Michael selection problem in hyperconvex metric spaces. Our result shows that the answer is "yes" if Y is a hyperconvex metric space and that the lower semicontinuity of the mapping F can be weakened. Moreover, as an application of our selection, a fixed point theorem for locally-uniform weak lower semicontinuous multi-valued mappings is given.
To begin with we explain the notion of a hyperconvex metric space introduced by Aronszajn and Panitchpakdi [1] and related concepts on hyperconvex metric spaces. If A is an intersection of some closed balls, we will say A is an admissible subset
Sine [11] pointed that if A is an admissible subset of a hyperconvex metric space, then so is A + r.
Let X be a topological space. We denote by 2 X the family of all susets of X. If A ⊂ X, we shall denote by cl(A) the closure of A. (a) T is called quasi-lower semicontinuous if for each x ∈ X and each ε > 0 there exists a point y ∈ T (x) and a neighborhood U (x) of x such that, for each z ∈ U (x), d(y, T (z)) < ε.
(b) T is called locally-uniformly weak lower semicontinuous if T is quasilower semicontinuous and for each x ∈ X there exists an open neighborhood N (x) of x such that, for each ε > 0 and each y ∈ Y , there is a δ > 0 with the following property:
where
where N (z) is the family of all open neighborhoods of z. Remark 1.1. As Y is a normed linear space, the above concepts were given by Deutsch and Kenderov [2] and by Przeslawski and Rybinski [9] , respectively. Remark 1.2. Obviously, if T is a lower semicontinuous multi-valued mapping with non-empty values, then T must be locally-uniformly weak lower semicontinuous.
Main results
To begin, we give two proximate selection theorems. 
(ii) T is quasi-lower semicontinuous.
Then for each ε > 0 there exists a continuous mapping f : 
Xian Wu
For each ε > 0, by condition (ii) we know that, for each x ∈ X, there exist a point y(x) ∈ T (x) and an open neighborhood
Let {f α } α∈D be a partition of the continuous unity corresponding to the covering R of X. We can thus define a mapping
Since R is a local finite open covering of X and {f α } α∈D is a partition of the continuous unity corresponding to R, g is a well-defined continuous mapping.
Then σ(x, R) is finite, and hence, let
Consequently, 
(ii) T is lower semicontinuous. Then there exists a continuous mapping f :
Proof. By Theorem 2.1 there exists a continuous mapping
Then, for all x ∈ X, T 1 (x) is a non-empty sub-admissible subset of M . Moreover, by [3: p. 348/Lemma 1] we know that
is lower semicontinuous. Consequently, by Theorem 2.1 there exists a continuous mapping
Then by Theorem 2.1 there exists a continuous mapping
Consequently, we can find a sequence {f n } n≥1 of continuous functions f n :
for all x ∈ X and n ≥ 1. By (2.1) we know that {f n (x)} n≥1 is a uniformly Cauchy sequence in M . Since each hyperconvex space is complete, there is a mapping f : X → M such that f n (x) → f (x) for all x ∈ X. Since again f n is continuous, the mapping f : X → M is continuous, too. Moreover, by (2.2) and the closeness of T (x) we know that f (x) ∈ T (x) for all x ∈ X. This completes the proof
Theorem 2.4. Let X be a paracompact topological space, (M, d) a hyperconvex metric space and Y a non-empty sub-admissible subset of M . Further, let T : X → 2

Y be a multi-valued mapping such that: (i) For each x ∈ X, T (x) is a non-empty closed sub-admissible subset of M .
(
ii) T is locally-uniform weak lower semicontinuous. Then there exists a continuous mapping
Proof. For each r > 0 and each x ∈ X, we denote
where N (x) is the family of all open neighborhoods of x. We first prove the following several Facts 1 -6:
for all x ∈ X, where cl[T r 1 (x)] is the closure of F r 1 (x). Indeed, for each x ∈ X and each y ∈ cl[T r 1 (x)] there is a sequence {y n } n≥1 in T r 1 (x) such that y n → y. Hence there exists an n 0 such that d(y, y n 0 ) < r 2 − r 1 . Since y n 0 ∈ T r 1 (x), there exists an open neighborhood N (x) of x such that d(y n 0 , T (z)) < r 1 for all z ∈ N (x). Hence 
Consequently, for ε 2 there exists δ 1 > 0 and r 1 > 0 such that
Hence there exists a point y 1 such that
2 n for all µ > 0 and n ≥ 1, we have d(y 0 , T µ (x)) = 0 for all µ > 0. Hence y 0 ∈ cl(T µ (x)), and hence y 0 ∈ T 0 (x) by Fact 2. Therefore,
n for all n ∈ N, and hence y 0 ∈ T (x). This shows that T 0 (x) ⊂ T (x) for all x ∈ X.
Fact 6: 
is lower semicontinuous. Summing up the above facts we get that T 0 : X → 2 Y is a lower semicontinuous multi-valued mapping with non-empty closed sub-admissible values and T 0 (x) ⊂ T (x) for each x ∈ X. Hence by virtue of Theorem 2.3 there exist a continuous mapping f :
As an application of Theorem 2.4 we get the following fixed point theorem. (ii) For each x ∈ X with x / ∈ T (x) and each z ∈ T (x), there exists α ∈ (0, 1) such that
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Then T has a fixed point, i.e. there exists a pointx ∈ X such thatx ∈ T (x). f (y) ) .
Proof. By Theorem 2.4 there exists a continuous mapping
is a multi-valued mapping with non-empty closed values. We claim that G is a metric KKM (see [5] ) mapping. Otherwise, there exists a finite subset A ⊂ X and a point y ∈ co(A) such that y / ∈ x∈A G(x). Since X is a sub-admissible subset of Y , co(A) ⊂ X, and hence
Let ε > 0 be such that
This is a contradiction.
By the compactness of X and [9: Theorem 4], there exists a point
We claim that y 0 ∈ T (y 0 ). Otherwise, since f (y 0 ) ∈ T (y 0 ), by (ii) there exists α ∈ (0, 1) such that
Hence there exists a point z ∈ X such that
and hence
This is a contradiction. Hence
We get a contradiction. This shows that y 0 ∈ T (y 0 ) and the proof is completed This shows that condition (ii) in Theorem 2.5 is satisfied. Hence the conclusion follows from Theorem 2.5
Remark 2.1. Horvath [3, 4] studied continuous selection problems and fixed point problems for lower semicontinuous multi-valued mappings in topological spaces with a generalized convexity structure. Our results are different from these corresponding results in [3, 4] .
